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SOME PROPERTIES OF THREE-TERMINAL ELECTRICAL 
CONDUCTING NETWORKS. 
By A. E. KENNELLY. 
Received April 10, 1924. Presented April 9, 1924. 
Ir is known that a network of electrically conducting elements, 


such as that indicated in Figure 1, with any two pairs of terminals a, 
g and b, h, behaves with respect to those terminals, at any single 


] a} 


g 8 10 


Figure 1. Example of a conducting network with two pairs of terminals 
a,g and b, h. 


alternating-current frequency, like a certain 7’ as in Figure 2, or like 
a certain II as in Figure 3. If two of these terminals b and A are 
selected at one point, say No. 8 of the network, as a common terminal, 
the system becomes a “three-terminal network” and reduces to 
either a T or a A. A particular delta is indicated in Figure 4. In 
general it is dissymmetrical, or no two sides have the same impedance. 
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Let p be the impedance between a and 6, R; that between a and 9, 
ft, that between 6 and h; all expressed in complex numbers of ohms; 
then we may denote their vector sum by 2, or 


ohms Z (1) 
and their planevector product II will be 
II = pk, ke ohms* Z (2) 


3. 


Figures 2 and 3. Dissymmetrical T and II corresponding to Figure 1. 


Constancy of zap in the three different aspects of athree-terminal network. 

It is easily shown that the geomean surge impedance 2.5 of the 
system; i. e. the geometrical mean of the apparent surge impedance 
Sve at the ag terminals, and that 2, at the b A terminals, is: 
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= 
tab = = \ = ohms Z. (3) 
p 1 2 ~ 


If then we shift the three terminals around the network of Figure 1; 
from the aspect shown in Figures 1 and 4 with a on point 5, 6 on 13, 
and g, h on 8, or what may be called the 5-13 aspect, to the 8-5 aspect 
of Figure 5, with a on point 8 and 6 on 5, it is evident that the same 
triangle or delta of impedances will exist between the three terminals 


8 BS 5 
gil 


Ficures 4, 5 and 6. Three aspects of equivalent delta of a network at 
terminals a, 6 and g h, for a given frequency. 


a, b and gh; but with p, R; and R, mutually interchanged. Their 
vector sum &, and their vector product II, will, however, be the same 
as in Figure 4; so that the geomean surge impedance z,, of the network 
in the new aspect will, by (3), remain the same. Similarly, if the 


= 1-81845 ;* simh = 3 6, = 0-88197, = 14436; sumh 22 
By = qd 6, = Bs = qd 6, 45° 6. = ad 6. = 63°26'.6 
00 230° 30° 


=! g.= = F 
%, = 1000 £30", Z, = 1000430", = 1000230", 9.2/2 


Ficures 7,8 and 9. Three aspects of the equivalent delta of network. 


terminals be again changed; so that a is on point 13, b on 8, and gh on 5, 
the network will assume the 13-8 aspect of Figure 6; but its geomean 
surge impedance will again remain the same. Consequently, in any 
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three-terminal network of conductors, with the three terminals disposed 
around three selected points in any of the three possible aspects, the geo- 
mean surge impedance of the network, or of its T and II, with respect to 
the three terminals, will be the same. 

As an example, we may consider the simple case of an equivalent II 
of a network, such as is shown in Figure 8. Here AC = p = 1000 
Z 30° ohms, AB = R, = 2000 Z 30° ohms, CB = Rez = 3000 230° 
ohms. Hence II = 6X10° Z 90°, and = = 6X10 Z 30°; so that 
Zap = VII /> = 1000 Z 30° ohms. Here we have the network in its 
AC aspect. Figures 7 and 9 represent the same network in its CB, 
and BA aspects, respectively. The geomean surge impedance 
1000 Z 30° ohms is the same, in all three cases. 


Values of sinh @ in the three aspects of a three-terminal network. 


It may be readily shown that the sine of the complex -hyperbolic 
angle 6 subtended by a network, with respect to three terminals, is 


sinh @ = a = ov = numeric Z. (4) 
“ab 


so that in the three different aspects of Figures 4, 5 and 6, with za, 
constant, sinh @ is directly proportional to the architrave impedance p. 
In the cases of Figures 7, 8, and 9, sinh @ is respectively 3.0, 1.0 and 
2.0; from which the angle of the network in these three aspects is 
6,= 1.81845, @g= 0.88137 and 6@¢ = 1.4436 hyperbolic radians, 
respectively. 

Consequently, in any three-terminal network, the sine of its angle 6 in 
each of the three different aspects of the terminals, is directly proportional 
to the impedance between the terminals a, b. 


Relations between the values of the inequality ratio q of a 
three-terminal network. 


The value of the inequality ratio q for a dissymmetrical II or A is 
known to be 


x= = yet numeric Z (5) 
p+ kh, Rs Gitv 
and this is in general different in each aspect of a three-terminal net- 
work, but if we denote the three different values of q for these aspects 
by ga, gg and gc respectively; then we find from (5) that 


9c =1Z0° numeric (6) 
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a 


In the case of Figures 7,8, and 9, g4 = Xz qe = \-, and qc = 


Consequently, the continued product of the three inequality ratios of a 
three-terminal network, in its three aspects, is always equal to unity. 


Equality between the planevector sum and planevector product 
of the sines of the angles subtended by a three-terminal 
network in its three different aspects. 


We have already seen, by (4) that sinh @ = p/zas, in each aspect 
of the network. Consequently, if 04, 9g and 6¢ are the three angles 
of the network in its three different aspects, we have: 


is ly 
sinh 64 sinh sinh@¢ = = == [J - = Na numeric Z (7) 
Moreover, 
> [s 
sinh 64 + sinh 6g + sinh = =z Ne Z (8) 
Zab 


Consequently, in any three-terminal network, 
sinh 64+ sinh @g+ sinh @¢= sinh 64: sinh - sinh 6¢ Z (9) 


or the sum of the sines of the three hyperbolic angles is equal to their 
product. Thus, in the simple case of Figures 7, 8, and 9, with smh 
64= 3, sinh g= 1, and sinh #¢= 2, both the sum and product are 
equal to 6. 
Relations between the gudermannian angles of a three-terminal 
network represented by a TL of equislope impedances. 


Formula (9) connecting the sines of the three hyperbolic angles of a 
three-terminal network, in its three successive aspects, is of general 
application, whatever the impedances in the network may be. In 
the more limited case, however, when the three impedances of the 
equivalent delta of the network, at the three terminals, have the same 
slope (same powerfactor and same reactance factor), the angles 64, 
6g and 6¢ will have no imaginary components, or will be real hyper- 
bolic angles. Under these conditions, they are connected by an addi- 
tional relation. It is well known that sinh#@, the sine of any real 
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hyperbolic angle 6, is numerically equal to the tangent of a related 
circular angle, commonly called the ‘‘ gudermannian angle.” Thus 


sinh @ = tan B numeric (10) 
where 8 =gd@ _ circular radians or degrees (11) 


Consequently, when 64, 6g, and 6¢ are all imaginaryless hyperbolic 
angles, we may substitute (10) in (9), and obtain 


tan B4 + tan Bgt+ tan Bc= tan By-tan Bg-tan numeric (12) 


or the three circular gudermannian angles of the three-terminal net- 
work have the sum of their tangents equal to the product of their 
tangents. This condition of equality between the product and sum 
of three tangents in circular trigonometry, is a well known property 
of the interior angles of each and every plane triangle. 

Consequently, in any three-terminal network for which 04, 9g and 6¢ 
are real, there exists a corresponding characteristic type of plane triangle, 
with interior angles B4, Bg and Bo, these interior angles being respectively 
the gudermannians of 04, 0g and Oc. 

Thus, in the simple case of Figures 7, 8 and 9, and in which 64, 02 
and 6¢ have no imaginary components, Bg= 45°, Bc= 63° .26’ .6” and 
B4= 71° .33' 54”. The sum of these circular angles is 7 radians, or 
180°; i. e. 

Ba + Bat Bo= gd 04+ gd gd0c= circular radians (13) 


The plane triangle corresponding to such a network is defined only 
by its internal angles 64, 8g, Bc, and its sides are indeterminate. An 
infinite series of similar plane triangles have the same interior angles. 
The ratios of the sides a, 6, ¢ of all these plane triangles are defined, 
however, by the relation: 


a:b:e::sin By :sinBg:sin Bc :: tanh 64: tanh@g:tanh@¢ (14) 


The sides of the characteristic plane triangle corresponding to a three- 
terminal network, having real hyperbolic angles 6, are thus respec- 
tively proportional to the tangents of the hyperbolic angles, or to the 
sines of their gudermannians. 

For the particular network of Figures 7, 8 and 9, the plane triangle 
A',BYC’, of Figure 10 is of the characteristic type, the interior angles 
of this triangle are respectively the gudermannians of the network 
hyperbolic angles 64, 9g and @¢. 

In order that the angles 04, 0g and 6¢ of a three-terminal network 
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shall each and all be imaginaryless, it is necessary and sufficient that 
the three impedances of the delta in Figures 4, 5 and 6 shall all be 
either reactanceless (pure resistances) or have the same slope, as in 


Figure 10. Plane triangle corresponding to network of Figures 7, 8 and 9. 


8 = 1.1180 sur O= 2 Suns = 22361 
400: 
000” 4000~ 


=!788-85 


FigtrEs 11, 12 and 13. Equivalent delta of network, with two sides equal. 


Figures 7,8 and 9. Thus, let p be the impedance AC, Figure 8, having 


a size |p| andaslope p. In Figure 8, |p) = 1000 and p = 30°. Then if 


Ri= mp and h.= np, m and n will be real numbers, if Ry = Ry= p, or 
all three impedances have the same slope. Then, by (4), 
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This is a real number; because m and n are reals. The same reason- 
ing applies to sinh 64 and sinh 6g. Hence 64, 6g and 6¢ are all real, 
if p, Ri, Re have the same slope. 


Particular case of two equal impedances in a Three-Terminal 
Network Delta. 


If two of the impedances representing a network at the terminals 
a, 6 amd gh are equal, as in the simple case of Figures 11, 12 and 13; 
then in the aspect (Figure 11) where the two pillars R, and R> are 
equal, suppose p = m R; = m R2 = mR ohms, or g = 1. 


Then ohms Z (16) 

‘and II = ohms? Z (17) 

so that by (3) Zeb = = ohms Z (18) 

and by (4) sinh 6 = Vin(m+2) numeric Z (19) 

or cosh 6 = m+1 numeric Z (20) 

also versh 6 = cosh @ — 1 = m numeric Z (21) 


Consequently, the angle @ of the network, in this aspect, will have m 
for its versed sine. In general, m will be complex. 

In the case of Figures 11, 12 and 13, in which the delta sides are all 
reactanceless, or simple resistances, there is a corresponding guder- 
mannian triangle and it is isoceles. Here cosh @4= 1.5, or m = 0.5, 


Particular case of three equal impedances in a Three-Terminal 
Network Delta. 


When the equivalent delta of a network, with respect to the ter- 
minals a, b, and gh happens to contain three equal impedances; 1. e. 
equal both as to size and slope; then g = 1, m = 1, = = 3p, and 


p 

tab = = ohms Z (22) 
V5 

sinh = V2 numeric (23) 
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cosh 6 = 2 numeric (24) 
versh 6 = 1 numeric (25) 


The three angles 64, 0g and 0¢ will be equal, and each will have unit 
versed sine. This angle is 1.31696 20° hyps. There is thus a cor- 
responding gudermannian triangle and it is equilateral, each interior 
angle being 60°, or 


gd@ = 3 circular radians (26) 
Particulars concerning the Equivalent T of a Three-Terminal Network. 

We have hitherto confined attention to a delta connection of three 
impedances as representing a conducting network, at a given single 
frequency, with respect to three terminals a,b and gh. We may, 


8, = 1-81845; simh 3 6, =0-88137; sinh =1-4436. @=2 
R= qd 6 = 70" 33. 54° By= qd = 45° 0'.0" B, = gd 8, = 63°26'.6" 


— 


Yay 10 V30"; Yap = 10 $30"; Ya = 


Figures 14, 15 and 16. Equivalent star of network in three aspects. 


however, replace such a delta of impedances by an equivalent star or 7, 
as in Figures 14, 15 and 16, which correspond to Figures 7, 8 and 9. 
Then it will be found that if », ve and g are the three planevector 
admittances of the three star branches, and if 


ytwty mhos Z (27) 
Il’ = yg | mhos* Z (28) 
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the geomean surge admittance yap = 1/za, of the system, or of 
its equivalent 7’, is 


Yar = a= mhos Z (29) 

q=\ a numeric Z (30) 
Inv 

and sinho = = g\ numeric Z (31) 
Yab II 


It will be evident that the geomean surge admittance of any three- 
terminal network, presented as a dissymmetrical 7’, will be the same 
in all three aspects. Again, as in (6) 


= 1 0° numeric (32) 
Moreover, as in (9) 
sinh 04+ sinh @g+ sinh 6¢= sinh 64:sinh 6g-sinh @¢ numeric Z (33) 


If all the sines are real, we find a corresponding characteristic guder- 
mannian triangle, in accordance with (13). 


Figure 17. Six element network with four junction points. 


Figure 17 shows a particular network of six elements 40, BO, CO, 
AB, BC, CA all taken as reactanceless, or pure resistances. There 
are just 12 ways in which, using the four junctions 4 BC and O for 
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terminal points, this network can be connected to three terminals so 
as to form a three-terminal delta network; i. e. three aspects to each 
of the four triangles ABC, AOB, AOC and BOC. Each of these 12 
deltas provides also an equivalent star network. They are all dis- 
symmetrical. They are analyzed and presented in the accompany- 
ing Table. It will be seen that in each of the four triple-aspect 
groups, the following properties are found :— 


(1) za, and its reciprocal ya, are constant for each group. 

(2) Thetripleg product of each group is equal to unity. 

(3) “ 1 / q “ “ “ “ 

(4) There are three values for Q and Q), distributed among each 
group. | 

(5) There is equality between the sums and products of sinh @ in 
each group. 

(6) The three gudermannian angles of each group sum to 180°, or 
there exists a corresponding plane triangle for each group. 


Summary of Conclusions, relating to a Three-Terminal Network, 
at a single alternating-current frequency (including zero 
frequency) in the steady state. 


(1) In the three aspects of the three terminals, the geomean surge 
impedance za» and its reciprocal, the geomean surge admit- 
tance Yap, are constant. 

(2) In the three aspects of a delta network, sinh @, the sine of 
the angle of the network is proportional to the impedance 
connecting the a, b terminals. 

(3) The product q4:qg-qc of the three inequality ratios is equal to 
unity. 

(4) The planevector sum of the sines of the three angles of the 
network is equal to their planevector product. 

(5) When the three hyperbolic angles 04, 02, 9¢ are real, the three 
corresponding gudermannian circular angles make up a sum 
of m radians or 180°. Consequently, these gudermannians 
define a triangle, or family of similar plane triangles. 

(6) When two of the delta impedances of a network are equal, 
and form the pillars of the equivalent 7, the versed sine of the 

angle of the network is m where m = p/R. 
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(7) When all three of the delta impedances of a network are equal 
in size and in slope, the angles in the three aspects are equal, 
real, and have a versed sine of unity. The angle is 1.317 hyps, 
nearly, and the gudermannian triangle is equilateral. 

(S) Similar relations affect the equivalent 7 or star of a network. 


List of Symbols Employed. 


a,b,c lengths of sides of a plane triangle. 
8 a circular angle, the gudermannian of a network 
hyperbolic angle (circular radians or degrees) 
D= R;—R, difference in impedance due to shorting at the 
opposite end terminals (ohms Z ). 
A= 6,—G, difference in admittance due to shorting at the 
opposite end terminals (mhos Z ). 

Gag admittance measured at terminals a, g, when the bh 
pair are shorted (mhos Z ). 

Gay admittance measured at terminals a,g, when the 
b, h, pair are freed (mhos Z ). 

Gy, admittance measured at terminals a, g, when the 

b, h, pair are shorted (mhos Z ). 
Gos admittance measured at terminals 5, h, when the 
a, g, pair are freed (mhos Z ). 
g admittance of the staff leak in an equivalent 7 
(mhos Z ). 

91, gz admittance of the two pillar leaks of an equivalent 
(mhos Z ). 

gd@ gudermannian of a real hyperbolic angle 6. (Cir- 
cular radians). | 

6 hyperbolic angle, real or complex (hyperbolic 
radians or hyps Z ). 
64,6, 9¢, hyperbolic angles of a network in three successive 
aspects (hyps Z ). 

m,n real numbers, integral or fractional for equislope 
impedances, also m a complex number for case of 
two equal pillar impedances. 

vy admittance of the architave of an equivalent II or 
delta (mhos Z ). 
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Vi, V2 
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admittance of the arms of an equivalent 7 or star 
(mhos Z ). 

product of three impedances forming the sides of an 
equivalent delta (ohms* Z ). 

product of three admittances forming the branches 
of an equivalent star (mhos? Z ). 


a delta connection of three impedances simulating 
the properties of a network at three terminals. 


a factor in the determination of an equivalent 7 or II 


(numeric Z ). 


a factor in the determination of an equivalent 7 or II 


(numeric Z ). 

inequality ratio of a system. 

inequality ratios of a three-terminal system in its 
three successive aspects. (Numeric Z ). 
impedance of a 7 staff leak (ohms Z ). 

impedances of the pillar leaks of a II (ohms Z). 
impedance of a network measured at terminals a, g, 
when freed at b, h, (ohms Z ). 

impedance of a network measured at terminals a, 9, 
when shorted at b, h, (ohms Z ). 

impedance of a network at terminals b, h, when 
freed at a,g, (ohms Z). 

impedance of a network measured at terminals 
b, h, shorted at a, g, (ohms Z ). 

impedance of the architrave of a II (ohms Z). 
sum of three impedances forming the sides of a II 
or delta (ohms Z ). 

sum of three admittances forming the branches of a 
7 (mhos Z). 

surge admittance of a system (mhos Z ). 

surge impedance of a symmetrical system (ohms 
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Zoay Zob Surge impedances of a dissymmetrical system from 
the a, g, and b, h, terminals, respectively (ohms Z ). 
Zoa'Zob geomean surge impedance of a dissymmetrical 
system (ohms Z). 
z| size or modulus of a complex quantity z (numeric). 
z slope or argument of a complex quantity z (radians 
or degrees. ) 
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